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Double layer in quadratic gravity and least action principle
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The Israel equations for thin shells in General Relativity are derived directly from the least action
principle. The method is elaborated for obtaining the equations for double layers in quadratic
gravity from the least action principle.
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I. INTRODUCTION
Any relativistic gravitation theory should be described by nonlinear equations, since the gravitational field has
energy and consequently is a source itself. The solution of these equations is extremely challenging even in the case
of vacuum. Therefore, singular distributions of the energy-momentum tensor of material (nongravitational) sources
are of special interest. We mean primarily the distributions described by the Dirac δ-function, i.e., thin shells.
More specifically, we consider the action integral in the form of a sum of gravitational action Sgrav, and the actions
for the matter fields, Sm,
Stot = Sgrav + Sm. (1)
According to the definition, the variation of the matter action as a metric tensor gµν (ds
2 = gµνdx
µdxν) gives us the
energy-momentum tensor Tµν :
δSm
def
=
1
2
∫
Tµνδg
µν
√−g d4x = 1
2
∫
T µνδgµν
√−g d4x, (2)
where g is the determinant of tensor gµν .
It is assumed that there is a singular surface Σ0 inside the integration domain, on which the energy-momentum
tensor is localized. We are interested only in this singular part. The three-dimensional hypersurface Σ0 divides
the four-dimensional spatiotemporal integration domain into two parts, conventionally internal (“−”) and external
(“+”). The transformation of coordinates in each of these domains can provide the way to attain the metric tensor
continuity on Σ0 (this is the only thing that connects them). Note that except this continuity, the internal and external
parts should be considered absolutely separate and unrelated manifolds. In particular, it is possible to introduce the
Gaussian normal coordinate system related with Σ0: x
µ = (n, xi), xi ∈ Σ0,
ds2 = ǫ dn2 + γijdx
idxj , (3)
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2where the coordinate n is directed along the external normal to Σ0, and ǫ = ±1, depending on whether is Σ0 a
space-like or a time-like hypersurface (we use signature (+ − −−)), and the equation for Σ0 is just n = 0. The
enclosure Σ0 into the four-dimensional volume is described by the extrinsic curvature tensor Kij :
Kij
def
= −1
2
∂γij
∂n
∣∣∣
Σ0
. (4)
In these coordinates Tµν = Sµνδ(n) + . . . and
δSm =
1
2
∫
Σ0
(Snnδg
nn + 2Sniδg
ni + Sijδg
ij)
√
|γ| d3x. (5)
Tensor Sµν is the energy-momentum surface tensor on the mass shell. Note that, although gnn = g
nn = ǫ, gni =
gni = 0, their variations are not necessarily equal to zero on Σ0.
We shall work with the Riemann geometry, i.e., the connectivity coefficients Γλµν can be written as
Γλµν =
1
2
gλσ(gσµ,ν + gσν,µ − gµν,σ), (6)
where comma denotes the partial derivative. The Riemann curvature tensor is
R
µ
νλσ =
∂Γµνσ
∂xλ
− ∂Γ
µ
νλ
∂xσ
+ Γµ
κλΓ
κ
νσ − ΓµκσΓκνλ, (7)
and the Ricci tensor Rνσ and the curvature scalar R are its convolutions: and Rνσ = R
µ
νµσ, R = g
µνRµµ. In the
Gaussian normal coordinates near the hypersurface Σ0 these formulas can be written as follows (vertical bar denotes
the covariant derivative in the three-dimensional metric γij):
Γnij = ǫKij , Γ
l
ni = −K li, Γlij =(3)Γlij , (8)
Rninj = ǫ(Kij|n +KljK
l
i), (9)
Rnikj = ǫ(Kij|k +Kik|j), (10)
Rl ikj = −ǫ(KijK lk −K ljKik) +(3)Rl ikj , (11)
Rnn = Kij|n +KljK
l
i , Rni = −Kji|j +K|i, (12)
Rij = ǫ(Kij|n +KljK
l
i) +
(3)Rij , (13)
R = 2ǫ(K,n +KljK
i
lK
l
i) +
(3)R, (14)
[Rninj ] = [Kij,n], [Rnn] = γ
ij [Kij,n], (15)
[Rij ] = ǫ[Kij,n], [R] = 2ǫγ
ij[Kij,n]. (16)
The components of the metric tensor gµν or the inverse tensor g
µν are the only dynamic variables in the gravitational
action.
We assume that the singular surface Σ0 is fixed. The variation of the total action should be zero independently in
the external volume and in the internal volume (we can always choose arbitrarily an “auxiliary” integration volume
that does not affect the singular hypersurface), which gives us the field equations. The equality to zero of the variation
of action on Σ0 leads to the equations for matching the solutions in the (“+”) and (“−”) domains.
3In General Relativity, as we know, the gravitational field equations are second order equations with respect to the
metric tensor derivatives, despite the presence of these second derivatives in the Hilbert Lagrangian proportional to
the curvature R scalar. Therefore, the appearance of a thin shell in the form of a δ-function in the energy-momentum
tensor (on the right-hand side of the Einstein equations) should be necessarily offset by a similar δ-function in the
second derivatives of the metric, and consequently in the curvature scalar. Hence, we obtain the following logic chain:
the δ-function in the second derivatives of the metric jump in the first derivatives continuity ofthe metric tensor. The
matching equations determine the jump of the external curvature when passing across the singular hypersurface Σ0.
These equations were first obtained by W. Israel [1]. The Israel equations described not only thin shells, but also
shock waves when a jump of the energy-momentum tensor of matter occurs. In this case, the external curvature
tensor is continuous on Σ0, while its normal derivatives (and the metric tensor second derivatives, respectively) and
the curvature scalar undergo a discontinuity R. This means that the shock wave of matter is accompanied by a
gravitational shock wave. In the next section, we obtain the Israel equations from the least action principle, instead
of direct integration of the field equations.
In quadratic gravitation, the situation with a singular surface is not so simple. The Lagrangian of quadratic
gravitation is a sum of squared Riemann curvature tensors, Ricci tensor, curvature scalar, curvature scalar linear in
curvature, and cosmological constant. Therefore, the field equations contain the metric tensor derivatives up to the
fourth order inclusive. Unlike General Relativity, the extrinsic curvature tensor of the singular hypersurface Σ0 is
bound to be continuous, otherwise we would have obtained the δ-function in the curvature and the δ2-function in
the action integral, which is strongly forbidden in the standard theory of generalized functions (to which we adhere).
Therefore, the curvature can have not more than a bound on the Σ0. In that case, the logic chain is the following:
the second derivatives of the metric tensor undergo a jump the third derivatives have a singularity in the form of
δ-functions the fourth derivatives have a singularity in the form of a δ′-function. This is traditionally called a double
layer. The general equations of the double layer in quadratic gravitation were obtained by J.M. Senovilla [2]. We have
investigated in detail the case of spherical symmetry in Weyl+Einstein gravitation [3] and have found some interesting
features hidden in the general formalism. The purpose of this paper is to derive the double layer equations from the
least action principle and to clarify the nature of these features.
Hence, a bound in the curvature causes the appearance of a double layer in quadratic gravitation. In the General
Relativity, this jump means the emergence of a shock gravitational wave accompanied by a shock wave of matter
fields. Now, in the gravitational field equations, a δ′-function, a δ-function, and the jump in derivatives of the metric
tensor appear, while in the energy-momentum tensor, a δ-function (= thin shell) and the jump (= shock wave) emerge.
This means that in quadratic gravitation, a shock gravitational wave can accompany a thin shell, though it can exist
without it. (Note that a shock wave in the matter fields may not cause a shock gravitational wave).
Notations: comma “,” preceding the index denotes the ordinary partial derivative, semicolon “;” denotes the
covariant derivative in the four-dimensional metric gµν , and vertical bar “—” denotes the covariant derivative in the
three-dimensional metric γij . An expression in square brackets denotes the jump across the hypersurface Σ0, i.e.,
[. . .] ≡ (+)− (−).
II. DERIVING THE ISRAEL EQUATIONS FROM THE LEAST ACTION PRINCIPLE
We start from the Hilbert action in the General Relativity:
SH = − 1
16πG
∫
R
√−g d4x. (17)
The integration is carried out over the four-dimensional volume confined by the hypersurface . Here, we omit an
auxiliary surface term that is needed, as we know, to observe the least action principle at fixed-edge variations (on
Σ). What is important for us here is that the extrinsic curvature tensor variation δKij is completely arbitrary on Σ,
whereas δKij are equal to zero by definition.
Let a certain given hypersurface Σ0 exists inside the variation volume, on which a part of the matter energy-
momentum tensor proportional to the Dirac δ-function is localized. Subject to the Einstein equations, a similar term
appears in the scalar curvature R included in the action integral. Then we have two options. We can first vary the
action, and then integrate the δ-function. We applied this approach in [4]. Here, we take another way: first, we
integrate the function, and then we vary the action. Thus, we have
SH =
1
16πG

+
∫
Σ0
2[K]
√
|γ| d3x+
∫
(±)
R
√−g d4x

 . (18)
4The variation of this action is
δSH =
1
16πG
{
ǫ
∫
Σ0
(
2[δK]− [K]γijδγij
)√|γ| d3x
+
∫
(±)
(
γµνδRµν +
(
Rµν − 1
2
gµν
)
δγµν
)√−g d4x
}
. (19)
Here we give a brief description of the procedure adopted. We aim to obtain the equations on the singular hypersurface
Σ0, which would relate the solutions in the external (+) and internal (−) domains. Therefore, we assume the “initial”
conditions for some solutions with similar γij , but different (arbitrary) Kij (this is possible due to an auxiliary surface
term) set on the boundary hypersurface, which induce δγij and δKijon the singular hypersurface δKij . Then
δKij = Aijlpδγ
lp, (20)
since these variations depend on the chosen solutions on the boundary hypersurface, but the tensor Aijlp is completely
arbitrary (without taking into consideration the symmetry inside each pair of indices).
Since the Einstein equations hold outside Σ0, only the terms δRµν proportional to remain from the volume integrals,
and, according to the remarkable formula δRµνλσ = (δT
µ
νσ);λ − (δΓµνλ);σ (the semicolon means a covariant derivative
with respect to the four-dimensional metric ), they are easily converted into a total derivative and, subject to the
Stokes theorem, take the form
−
∫
Σ0
gµν [δΓλµν ]
√−g dSλ +
∫
Σ0
gµν [δΓλµλ]
√−g dSν
=
∫
Σ0
(−gµν [δΓnµν ] + ǫ[δΓλnλ])√|γ| d3x
= −ǫ
∫
Σ0
(
γij [δKij ] + [δK]
)√|γ| d3x. (21)
While the variation of full action δSH + δSm is
ǫ
16πG
∫
Σ0
(
[Kij ]− γij [K]δγij
)√|γ| d3x+ 1
2
∫
Σ0
Sµνδg
µν
√
|γ| d3x = 0. (22)
Note that the arbitrary variation δKij has completely disappeared in the final expression. In addition, the summation
in the second integral is carried out over all four indices, since δgnn and δgni must not be equal to zero. The absence
of these terms in the first integral means that Snn = Sni = 0.
Here we reproduce the Israel equations:
ǫ([Kij ]− γij [K]) = 8πGSij , Snn = 0, Sni = 0. (23)
III. DOUBLE LAYER IN QUADRATIC GRAVITATION
Finally, let us address the primal problem, deriving the equations for a double layer in quadratic gravitation, which
define the matching of solutions in the external and internal regions of the four-dimensional volume resolved by the
three-dimensional singular hypersurface Σ0. All the time, we underline the differences from General Relativity.
The gravitational part of the action S2 is
S2 =
∫
L2
√−g d4x, (24)
where
L2 = α1RµνλσRµνλσ + α2RµνRµν + α3R2 + α4Λ. (25)
By contrast with General Relativity, where the δ-function in the energy-momentum tensor caused, necessarily, the
occurrence of the δ-function in the curvature scalar R and, consequently, in the Lagrangian, now, as already mentioned
5in the Introduction, the curvature can only display a jump on Σ0. And this jump results in the appearance of a
gravitational double layer. The variation of the action S2 is
δL2 =
∫ {
2α1R
νλσ
µ δR
µ
νλσ + 2α2R
µνδRµν + 2α3Rg
µνδRµν + α4g
µνδRµν
+ (. . .) δgµν
}√−g d4x. (26)
We have not written a long series of terms in round brackets, because their sum is zero in the final expression following
from the field equations in the external and internal volumes, while the δ-function has not appeared yet.
Further,
δL2 →
∫ {
2α1R
νλσ
µ
(
(δΓµνσ);λ − (δΓµνλ);σ
)
+ (2α2R
µν + 2α3Rg
µν + α4g
µν)
(
(δΓλµν);λ − (δΓλµλ);ν
)}√−g d4x
=
∫ {
(2α1R
νλσ
µ δΓ
µ
νσ);λ − (2α1R νλσµ δΓµνλ);σ
+
(
(2α2R
µν + 2α3Rg
µν + α4g
µν)δΓλµν
)
;λ
− ((2α2Rµν + 2α3Rgµν + α4gµν)δΓλµλ);ν
− 2α1
(
R νλσµ ;λδΓ
µ
νσ −R νλσµ ;σδΓµνλ
)− (2α2Rµν + 2α3Rgµν + α4gµν);λδΓλµν
+ (2α2R
µν + 2α3Rg
µν + α4g
µν);νδΓ
λ
µλ
}√−g d4x (27)
It is necessary to note a very important difference from General Relativity here. Since δ-functions are absent in the
Lagrangian δL2, there are no functions in the variations, and the “explicit” appearance of these δ-functions in the
covariant derivatives of the Riemann tensor and its convolutions is totally recouped by the functions “hidden” in the
total derivatives. Hence, we can safely consider the volume integral as a sum of integrals, separately over the “+” and
“−” domains. The same is true for the δ′-function. It is especially instructive to consider a surface integral arising
from total derivatives with the participation of variations of the connectivity coefficients δΓ; we denote this integral
δΣ1:
δL2 → −
∫
Σ0
{
4α1[R
νnσ
µ ]δΓ
µ
νσ + 2(α2[R
µν ] + α3[R]g
µν)δΓnµν
− 2(α2[Rµn] + α3[R]gµn)δΓλµλ
}√|γ| d3x. (28)
Here we have used the symmetries of the curvature tensor and the equality to zero of a covariant derivative of the
metric tensor and its continuity on Σ0. Note that the coefficientsα1 and α2 disappear already at this stage. It means
that there is no smooth transition from quadratic gravitation to Einstein gravitation. The general sign in front of the
integral is stipulated by the direction of the external normal in respect of the hypersurface Σ0 (from “−” domain to
“+” domain) and the jump definition ([. . .] = (+) − (−)). Substituting the values of jumps for the Riemann tensor
and its convolutions determined by the jump of the normal derivative of the external curvature tensor [Kij,n] we
obtain:
δL2 → −
∫
Σ0
{(
(4α1 + α2)γ
ilγjp + (α2 + 4α3)γ
ijγlp
)
[Kij:n]δKlp (29)
+
(
2α1K
j
l [Kpj;n] + (α2 + 2α3)γ
ijKlp[Kij;n]
)
δγlp
}√
|γ| d3x. (30)
The nonzero jump of the normal derivative of the extrinsic curvature tensor Kij,n is necessary for the existence of a
gravitational double layer. We see that by contrast with General Relativity, a generally irremovable variation of the
external curvature tensor δKlp with completely arbitrary coefficient [Kij,n] emerges in quadratic gravitation, except
in the case when α2 = −4α1 and α3 = α1. However, this is in line with the Gauss-Bonnet term that does not influence
the field equations in the four-dimensional metric, so that there is not a trace left of the double layer.
As for the general case, the external curvature tensor variations δKij are not recouped at all, by contrast with
General Relativity. Therefore, as already mentioned above,
δKij = B
µν
ij δγµν , (31)
where Bµνij is the arbitrary four-rank tensor symmetric with respect to each pair of indices. It should be determined
when solving the equations of matching on the singular hypersurface . The appearance of such “arbitrariness” was
6first mentioned by the authors in[4] in an example of Weyl+Einstein spherically symmetric gravitation. It appeared
there as a result of mathematical operations with the δ-function derivative, δ′. Here, we proceed without it.
The remaining volume integral is
δL2 →
∫ {
4α1R
νλσ
µ ;σδΓ
µ
νλ − 2(α2Rµν;λ + α3R;λgµν)δΓλµν
+ 2(α2R
µν
;ν + α3R;νg
µν)δΓλµλ
}√−g d4x. (32)
There is another remarkable formula for the connectivity coefficient variations:
δΓλµν =
1
2
gλσ
(
(δgσµ);ν + (δgσν);µ − (δgµν);σ
)
. (33)
Further, we extract the total derivatives and applying the Stokes theorem obtain another contribution to the surface
integral, which we denote δΣ2:
δΣ2 =
∫
Σ0
{
−4α1[Rαnλσ;σ]δgασ + α2
(
2[Rµn;α]δgµα − [Rµν;n]δgµν − 1
2
[R;n]gλσδgλσ
)
+ 2α3([R
;i]δgni − [R;n]γijδγij)
}√
|γ| d3x. (34)
Further evaluations are complete routine. Let us describe qualitatively the basic features of the result. Firstly, this
is the appearance of arbitrary functions in the equations of matching, which are defined individually for each pair
of the matched solutions. Secondly, which was mentioned by Senovilla [2], generally speaking, the components Snn
and Sni of the surface energy-momentum tensor of matter on the singular shell of Σ0 are nonzero (by contrast with
General Relativity). We have obtained a stronger result: Snn and Sni do not disappear even in the case when the
quadratic Lagrangian is the Gauss-Bonnet combination, which is a total derivative not influencing the field equations
in the volume. The situation becomes quite different on a singular hypersurface. And this issue still remains to be
dealt with.
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